INTRODUCTION
The boreholes of oil exploration and exploitation wells are typically drilled by means of a rock cutting tool (drill bit), which is attached at the end of a rather long drill string consisting of many smaller interconnected drillpipe sections, and driven by a speed controlled electrical drive. Due to large lengths and small cross sections of the drilling pipes, low tool inertia, and emphasized tool vs. rock bed friction, the overall drillstring electrical drive is prone to poorly damped torsional vibrations including stick-slip behavior. Stick-slip predominates when drilling with drag bits (especially with PDC bits) and stick-slip oscillations induce large cyclic stresses, which may also excite severe axial and lateral vibrations in the bottom hole assembly (BHA). This can lead to fatigue problems, reduction of bit life, unexpected changes in drilling direction, and even failure of the drillstring. Since drilling is one of the most expensive operations in oil exploration and development, vibration control in the oil drilling process is required from an economic point of view.
In practice, the drilling operator typically controls the surface-controlled drilling parameters, such as the weight on bit (WOB), drilling fluid flow through the drill pipe, the drillstring rotational speed and the density and viscosity of the drilling fluid to optimize the drilling operations. In particular, the only means of controlling vibration with current monitoring technology is to change either the rotary speed or the weight on bit. Historically, the experience of drillers has revealed that increasing the rotary speed, decreasing the weight on bit, modifying the drilling mud characteristics and introducing an additional friction at the bit etc. are effective strategies to suppress stick-slip motion [1] [2] [3] [4] [5] [6] . Trade-offs must be managed, however. For example, mitigating stick-slip by reducing weight on bit might result in a lower rate of penetration. Increasing rotary speed to reduce stick-slip might bring other vibration modes into resonance. The effectiveness of ad hoc changing of drilling parameters is also dependent on the skill of the operator.
Recently linear quadratic regulator controllers have been discussed [1, 3] as a means of improving multiple types of vibration such as stick-slip and bit-bounce motion simultaneously.
This paper presents the improvements of using an LQR controller instead of a torsional spring-damper isolator near the top drive system for stick-slip and bit-bounce mitigation in an oilwell drillstring. Passive spring-damper isolators must be tunable given that drillstring properties are a function of its 2 Copyright © 2012 by ASME length. Non-linear energy sinks (NES) [19, 20] are a potential means of attenuating vibration over a wide frequency range, but would likely require physical realization of a large rotary inertia. In this paper, a bond graph model of an oilwell drillstring has been used to compare LQR control and a tunable linear isolator. The model includes a bit-rock interaction submodel that predicts axial vibration, torsional vibration, and coupling between axial and torsional vibration.
OILWELL DRILLING SYSTEM MODELING
The rotary drilling system being modeled consists of drillpipes, the drillcollar assembly (made up of heavier collar pipes) and the drill bit at the end of the collar assembly and the rock (formation). Drilling fluid is circulated in the drillpipe and the annular space between the drillpipe and the wellbore. The drilling fluid is characterized by the flow rate developed by the mud pumps. The top of the drillstring is subject to a tension force, applied through the surface cables. Rotary motion is applied by an armature-controlled motor, through a gear box, to the rotary table via the kelly (a square, hexagonal or octagonal shaped tubing that is inserted through and is an integral part of the rotary table that moves freely vertically while the rotary table turns it). The essential components of the oilwell drilling system and the necessary geometry used for the model are shown in Fig. 1 . A lumped-segment approach is used in the axial and torsional dynamic model. In the lumped segment approach, the system is divided into number of inertias, interconnected with springs [7] [8] [9] . The accuracy of the model depends on the number of elements considered; however, in contrast to a modal expansion approach [7] , the analytic model shapes and natural frequencies need not be determined. Both axial and torsional submodels have a total of 21 segments to capture the first eight axial and torsional natural frequencies of the whole drillstring. A physical schematic of the lumpedsegment models is shown in Fig. 2 . In the axial submodel, hydraulic forces are included at the top of the drill collar and bottom of the drillstring to capture the effect of drilling mud density and buoyancy. Hydrodynamic damping, due to drilling fluid circulation in the drill pipe and the annular space, is considered in the drill pipe and collar model [1] .
Figure 2: Physical schematic of (a) axial segments and (b) torsional segments
In the torsional model, the drill pipe and drill collar dynamic models consider viscous damping which results from the contact between drillstring surfaces and drilling fluid [1] .
A quasi-static rock-bit model, which provides coupling between axial and torsional drillstring dynamics, is used instead of a computationally intensive and difficult-to-parameterize complete dynamic representation. The model equations are based on the bit-rock model in [3] [4] , and are discussed in [1] .
The bond graph model of the rotary drillstring is shown in Appendix A. The reader is referred to [1, 7] for more details on the bond graph modeling method.
LINEAR QUADRATIC REGULATOR
A linear quadratic regulator (LQR) has been designed to control the torsional dynamics of the system. LQR is a wellknown design technique that provides optimal feedback gains. In order to determine LQR gains, a performance index is required. A performance index is the integral over time of several factors which are to intended to be minimized. The Riccati equation is solved to calculate optimal linear gains. In order to reduce the dimension of the state vector and to minimize the number of states that must be physically measured or estimated, a simplified lumped parameter torsional model ( Fig. 13 ) is used instead of taking 21 segments. The overall method of designing a controller using LQR technique is discussed in [1, 3] . The necessary equations for the controller design are shown in Appendix B.
In order to design the controller, a five-state (motor  current, rotary table speed, rotary table displacement, drill 
For different drilling depths the gain matrix K is calculated by using MATLAB and the gains vs. depth curves (Fig. 15 ) are shown in Appendix B.
ALTERNATIVE CONTROL SCHEMES
In the literature, numerous solutions have been presented to control stick-slip oscillations, such as robust µ-synthesis controller [10] , H ∞ controller [11] , genetic algorithm optimized controller [12] , D-OSKIL controller [13] , torque estimatorbased controller [14] , and modeling error compensation based controller [15] . Many such controllers have practical limitations. However, one system that has achieved real-world acceptance is the soft torque rotary system (STRS) [16] [17] [18] . STRS is a torque feedback at the top of the drillstring which makes the system behave in a "softer" way rather than as a fixed heavy flywheel, so that the torsional waves arriving at the surface are absorbed, breaking the harmful cycling motion. The STRS increases the system damping to the extent that rotational speeds will not drop to levels where there is a risk of the bottom hole assembly (BHA) sticking. Therefore, the feedback system, which acts on the rotary drive's speed input, modifies the speed of the motor such that the vibrational energy is optimally extracted from the drillstring. The effect of this feedback circuit, in practice fully implemented by electronics, is to emulate a parallel combination of a torsional spring and damper in series with an ideal motor as shown in Fig. 3 . The STRS must be tuned by giving values of K s (drive stiffness in Nm/rad) and C s (drive damping in Nms/rad) [17] . The parameters must change as the drillstring length (and thus compliance and inertia) increase. For a particular C s (700 Nms/rad) value the range of possible values of K s for which stick slip does not occur has been determined, using the bond graph system model, for different drilling depths as shown in Fig. 4 . Setting the drive stiffness outside this range will not mitigate stick-slip. Table 1 in Appendix A summarizes all relevant parameters that are used in the simulation. The main objective of the current simulations is to study the theoretical performance of an LQR controller compared to a torsional spring-damper (or virtual spring-damper as in the STRS system) on the mitigation of stick-slip and bit-bounce vibrations in an oilwell drillstring. [17] [18] . When the input torque grows sufficiently to overcome static friction and the bit releases, bit speed approaches the axial vibration critical speed range that is discussed in [1] . Bit-bounce then occurs as demonstrated in Fig. 5 where dynamic WOB periodically becomes zero. Fig. 6 shows the response of the model when LQR control is activated at the simulation time of 40 seconds, for the case of 175 kN applied WOB and a desired speed of 15 rad/sec (142 rpm). As can be seen, when LQR controller is active the stickslip vibration is controlled and a smooth drilling condition is achieved. That means the drill bit is rotating with constant desired speed and the torque at the surface becomes constant. At the same time the controller eliminates high dynamic force and bit-bounce, as a result of the axial-torsional coupling at the bit-rock interface. Copyright © 2012 by ASME Fig. 7 shows the response of the model when a torsional springdamper system is used, for the case of 175 kN applied WOB and a desired speed of 15 rad/sec (142 rpm). The torsional spring-damper system with the assigned parameters should be unable to eliminate stick-slip vibration at the desired speed. By increasing the desired speed to 24 rad/sec (230 rpm) in Fig. 8 , the torsional spring-damper system becomes able to eliminate stick-slip vibration. From the simulation results in Fig. 5-8 , an LQR controller can suppress stick-slip vibrations at lower desired speeds than can a torsional spring-damper system. This indicates a theoretical advantage of an LQR controller over torsional spring-damper isolators. 
SIMULATION RESULTS

ADVATAGES OF LQR CONTROLLER
Stick-slip occurs at a rotary speed below a certain threshold value. Fig. 9 shows the threshold phenomena of stickslip vibrations. The threshold value depends on system parameters such as design of the drillstring, mud, bit, BHA and weight on bit (WOB). Fig. 10 and 11 show the threshold rotary speed for different applied WOB for conventional drilling, drilling with torsional spring-damper system near the rotary table, and drilling with the LQR controller. Simulation results show that for a particular applied WOB the LQR controller gives the lowest magnitude of the threshold rotary speed. At higher WOB the difference in the threshold rotary speed between the LQR controller and torsional spring-damper 5 Copyright © 2012 by ASME system increases, and it indicates that at higher WOB, and notwithstanding certain practical implementation issues to be discussed later, an LQR controller can increase the no stick-slip zone significantly compared to a torsional spring-damper system. During drilling, the LQR controller requires: (i) motor current, (ii, iii) rotary table rotary speed and displacement, (iv-v) bit rotary speed and displacement. Except for the bit speed and displacement, all other quantities in the controller can be measured. The bit speed measurement (and calculation of bit rotary displacement through integration) requires downhole equipment that is expensive and at this point not typically used in well drilling because the information is not needed if a controller is not used. Bit speed measurement is the biggest challenge preventing LQR and other sophisticated controller implementations, as discussed also in [2] [3] 15] . The virtual spring-damper of the STRS system requires only measurement of motor current, giving it an economic and implementation advantage at present. The additional potential benefits of LQR are expected to motivate drillers to eventually use advanced downhole measurement tools, to enable such control. The additional cost of instrumentation would be justified by even smoother drilling and fewer tool failures.
CONCLUSIONS
Self-excited stick-slip oscillations in oilwell drillstrings are largely suppressed by the application of LQR control. Therefore, it is possible to drill smoothly at very low speeds which are otherwise not possible without LQR control. It has been shown that the advantages of using LQR control increase with higher applied WOB. The performance of LQR control for mitigation of stick-slip decreases with increasing depth. It nonetheless retains an advantage compared to a system with a spring-damper isolator. This should motivate the use of LQR controllers in future when practical challenges in measuring required state variables for LQR control are addressed by advances in downhole measurement technology. The implementation of the high-order model in commercial software that allows block diagrams to be superimposed on bond graphs greatly facilitated inclusion of the coupled axial and torsional degrees of freedom due to bit-rock interaction, along with the controller.
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The performance index:
The resulting optimal control input (rotary table motor voltage) can be written as
The gain matrix, K can be written as
The algebraic Riccati equation is given by 
